TALENT Course no. 2: Many-Body Methods for Nuclear Physics

Self-consistent Green’s function in
Finite Nuclei and related things...
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Expectation values

Take the Hamiltonian,

H = Ztag CLCQ + Z VaBvs chgc(m
af aBv6
(or any 1- and 2-body operators). The g.s. expectation

values are:
(U [H|Tg) = > tas (V5 |ches|Wg')

af
1
2 v (8 Il here, 95
afvo
1 /
= 2_tag Ppa + 3 > Vape Dasap
af a6 l
one-body two-body
density matrix density matrix
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Expectation values

The one-body density matrix (and hence expectation
values) is extracted easily from g,

pap = (VY |chea W) =— ik limy v gap(t, t)

Hence:
(WNO10)) = =3 [ dw ous Sho(w)
af
= +h limt/_>t+ Z Oaf gga(t, t/)

af
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Two-particle/two-hole propagator

Two-body density matrices and matrix elements require a
particular ordering of the 4-points Green's function.
4—pt

(
Gago (11 23 1, 1) = — 2B [T[ep(t2)caltr)ch (1) b (12)]195)

Define the two-particle/two-hole propagator:

7
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time
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Two-particle/two-hole propagator

* Representations of g™, .5

N N+2 N+2p [t Ty N
7 . (¥ |cﬁca|\lln ) (W |%(35|‘I’o ) ,
gaﬁ,w(w) = Z —(EN_E év) T+ in & two-particles (g/F)

n

<‘PNI(5rC Uy %) (TR leseal )

— & two-holes (gh"
Zk: w—(EéV—E,iV_2)—in @")
1
SaB')/(S( ) — _; Imga,ﬁfyé( )

= esea WU lO) 6 (e — (B - B)))

n

o) =~ Imglh ()

= S el e 2 (U 2 epea| 0Y) 8 (e — (Y — BY )
k
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Expectation values

Hence—for 2-body matrix elements:

1
Cagas = (U |ehchosca W) = =7 [ dwSt_5(w)
(W VIEY) = = [ dwvassSlhas(w)
aBvé
= +h limy_ 4+ Z Uaﬁﬁcsg,lyg,aﬁ(t, t/)

af
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Let's consider the full Hamiltonian:

T : one-body part of the Hamiltoninan (for nuclei, it's just the kinetic energy)

V, W: the two- and three-body interactions (v,p.5 and w,g, ... Their properly
antisymmetrized matrix elements)
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Second quantization excercise

Use dat) la, 11 to prove the following relations:

ot
08t L — 4
Lt‘ B 0 g ‘t Q.t) + —--_2‘_,
dt /3; onp = Z’Fé’g q/;zfg Q@ﬂ') Bs(t) Q(t)
1
+]’[%‘ W;M/MM CL(3 ) aLiE) 8, (D) Qt) B, )
Mmv A

1 e
ik _,_,L‘Z t t
4t o< t"‘lf& 1) ,_);\F‘—'-'%M@ (t) Qg(f) A (t)

| :

+—

n %;’ W vk 8 Qatt dha,me,m
vV A
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By using the equation of motion, one can take the
derivative of the propagator:

A AGLLUr )
(Lt)tgg%d](t,t'): <Y l S Q)?(t 1\

I 2 I'L@“ o Lt T

+ 2 Q;.(’c) U;‘M& /S(T)Qgtf)abt"r) Ly

UJ vA T A
+ f
v2 0 ( ) :f:f/" Qp“’) Qu(t)QA‘t)QV(t)Q/A(‘L’)J I’:{/o >

By taking the time ordering for ¢ =2 t*!

of both T, Vand W/

one gets the expectation values
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..thus:
J A IN N
(%) b S (b5, (6 0 -<T> e 2V 325

tfb\

which leads to the (Galitski-Migdal-Boffi)-Koltun sum rule:

A A
ik Tra‘,tg_f%(r)+ 1(3(’0)}: Co +%<\X/>

With only two body interactions, gas(t,t') is sufficient to obtain
the total energy!
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Unperturbed propagator

« Take a system of non interacting fermions

N
Hy=Yeachea  |8)) =T[cll0)
Q 1=1

- The unperturbed propagator is: (et = " e, 1) e ")

g (t,t) = = (@ Tlealt)e(t)] |27

« or

gupt —t) = —6(t =) (@ [cae” O EO ]|

L0 1)(@} e P e )
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Unperturbed propagator

The completeness for states with N+1 particles includes:

D)) =l D)) ENTL = BN 4 ¢,
@) ) = | D)) ENT1=EN — ¢

..states with more p-h excitations are not connected

to |®)') by single Ca/C; operators

Thus, for example: . 1 forain |BY)
(Pr, ~|cal Py ) = N
O for anotin |®g')

N —t) = =30t — )@ e B )

FO(E = 1)(@) |ehe T ED O, )
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Unperturbed propagator

Thus, the unperturbed propagator for a set of non
interacting fermions is written as,

G}t =) = =0 (Bt = )dgre™ =0

Ot — )daepeet-1M)

And in Lehmann representation:
N

> 504 50477, 504 5&
W)= Y ’ y —afak

n:Nth—en—l—in kzlhw—é‘k—in
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Unperturbed propagator

If one chooses a different basis {a'}, then

0.}

g&%,u—t’):—%{@(t—t') Do (XL AgerE O
n=N+1

N
o) 9% O e
k=1

o0 X(?,*an, N y(l;/ yk,*
PONOD S i A A i 042

—yn + In a general basis the
Xﬁ _ <n|ca|0> propagator maintain its poles
. (excitation energies) but it is
yg — <O|Ca|k> no longer diagonal/

UNIVERSITY OF

—43 SURREY



Unperturbed propagator

9@, (-1 has an inverse operator:
zhaa g(o)(t —t)
— 5a66(t — t/) — 1(50[5 {9 t — 5a €F5a€_i€a(t_t,)/h — Q(t/ _ t)(sangaeisa(t—t’)/h}

= 5a55<t—t>+eag§}3<t—t>

Thus:
g(Ev(,)B) l(t tl) = 5aﬂ5<t — tl) {Zh—88 — Ea}
1

> [t g2 1 1)g 0,1 = Basdlt )

- / a / /
Z/dtl gQ(t,t1)g") "t ) = {—zﬁ% _ga}gg;;@_t) = 0a50(t — t')
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Unperturbed g°-P' propagator

The 4-points unperturbed propagator is:

B i l | |
9N 5 (ta tas t, ts) = —£<<1>6V |T[Cﬁ(tﬁ)0la(ta)02(tv)cf(té)]I@év )

\

By Wick theorem, one has:
0) 4—pt . 0
Gos ! (tastaity, ts) = ih | g (ta, 1)) g3 (ts, ts)

0 0
T géfy) (tﬁa t’y)géd) (tow t5)}
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Equation of motion for g,

Take the Hamiltonian,
H=Hy +V — U

Hy = Zea c};ca U = Zuaﬂ CLCB V = 7 Z VaB,+6 03020507
(87

Equation of motion for the operator:

d . .
ihﬁca(t) _ 6th/h [Ca,H] e—th/h

1
[CCvH] = &¢C¢ — ZUCB Cg + 5 ZUCﬁmS (%056’7
B B0

- derivative creates an additional ph excitation
weighted by V
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Equation of motion for g,

= LN Tea(t)ch ()] )

gaﬁ(t7t/) — h

Take the derivative w.r.t. time t:

. a / / /

i1 gas(1.2) = 6t — 1) (0 |{ealt) ()} 93
+ (g [T

o, ,

zhagaﬁ(t—t) = It —1t)ap + €afap(t —1")

ety 1)

(t)

Z Uary Grp(t

——Z’anu— (3| Tlel () (t)en(t)eh(t)]12y)

)\w/

— ')




Equation of motion for g,




Equation of motion for g,

Feynman diagram conventions:

a

90([.’)(1.-1-') -
_ ¢
uocb' Tocb - b} ;
b uaﬁ Cacﬁ
a
© (+-t —% -9———-&
9 oc[}( - ) - Ot[f) vo 0
lb chﬁg CEC(;C,y

abvB (t112,13.1y) =
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Equation of motion for g,

The EOM for g is:
goalt =) = gt —t) = Y [dt, g0t~ 1) ws gsslt, — 1)
o7
| 1 |
2 3 [ty g0t~ 1) vy (] Tl ()t et )]93)

YAV

Equivalent diagram:

04
a o ~>Expansion is in terms of g
—> EOM breaks a leg into
= - - = X three = thus a 6F with 2
+ more points
5 B - hierarchy of equations!
p
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4-points vertex

The 4-pt Green's function,

0) 4— v
Gops (tasoity, t5) = = (@Y T[en(tp)calta)c (t,)ch(ts)]|5)

hon-interacting but

can be expanded as. fully correlated 1-
ody propagators
(0) 4—pt

Gaps (tartsity ts) = i [gay(tasty)gss(ts, ts) — 9oy(tss ) Gas(ta, ts))
£ @0 [dty [ s [ty [dte Y gawltasti)gsr(ts, o)
a//B/,-Y/5/

X Fa’ﬂ’,*y’c?’ (th t27 t37 t4) g’y’v(t37 t’y)g5’5(t47 t5)

-

two-particle interactions
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4-points vertex

The 4-pt Green's function,

0) 4— v
Gops (tasoity, t5) = = (@Y T[en(tp)calta)c (t,)ch(ts)]|5)

can be expanded as:

gonas " (tastaitysts) = i [gay (ta, 1) gas(ts,ts) — 9oy (s, y)Gas (tas o))

+ (th)? gaar(tas t1)gss (tas t2) Dargr e (b1, toi ts, ta) Goyn(ts, ty)gors(La, ts)

(\LC"ONVENTION: repeated
indices are summed and

cor'r'espondmg times are integrated

diagram:
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Dyson equation

The EOM for g(t-1) is:
gaslt =) = guylt—t) — 3 [ dty g0t~ ) w5 gt — )

1 2plh—1
+Z/ww>tww%mm%—m

YAV
where: |
(7
Guong Tt —t) = —#‘PN | Tlel (8w (H)en(t) e ()] g)

— —gﬁy%g\(t Lt t+)

is a particular 2-times ordering of the 4-point GF.

Substitute the expansion of g in tferms of non
interacting propagators and -pt
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Dyson equation

1 _ /
Uy v 59/31%1)\},15 lp (t—1)
where: g?PIhIr(+-1) # [gg-9gl+gglgg
1 /'
UW\,MV§(_Zh) [gu5<t_7 t/)gw\ (tv t+) — 9B (tv t/)gu)\ (t_7 t+)}

= Uy v (—iﬁ)gy)\(t,t+) guﬁ(t_vt/)
= Uy Por Gus(t™, t')

= S0y = VapsvPou this extends the Hartree-Fock
%U BV ]che, [T potential to a fully correlated density
- ap,Br\Fo [Cutr|¥o

Nz
Pop = (\Ilév|cgca|\llév) = +ih limy 4+ gap(t,t')
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Dyson equation

Dyson equation:
0 *
Gas(t —t) = gug(t—1t) + g9t —t,) 5(t,ts) gss(ty — 1)

Irreducible self-energy:
Yrg(t,t) = —uagd(t —t') + Vasgy pys O(t — 1)

, 1
_(Zh)2§va>\,/w g#/ﬂ(t - tu)gw’ (t —1,)
Xgwalta — ) Ty gar(ty, ts t' )

diagrammatically:
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Dyson equation

Dyson equation:
Gos(t =) = gt —1t) + g Ot —t,) T5(ty, ts) gslt, — 1)

Diagrammatically:
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Dyson equation

The reducible self-energy sums X7 to all orders,

Zaﬁ(tv t/) — Zﬁ(ta t/)
* 0
S (1) 6'% (ty ts) Ssplty, — ')
Then:

0
Gop(t =) = gt —1')
(0)

T gc(qu) (t - t’y) Zvé(t'ya t&) 9ss (t’y - t/)
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Conservation laws

There exist two-different forms of the Dyson equation:

0 *
Gap(t =) = gt —1t) + ¢t —t,) D5 (£, t5) gss(t, — ')

Eﬁ,g(ta t,) = — Uag(S(t — t,) + Vas,By Py (S(t o t’)
ol
_(Zﬁ)2§va>\,w Jup! (t - tu)gw’ (t - tu)

Xgaa(tx — ) T gty Loyt E))

Gop(t =) = gL3(t—1') + gan(t = t)) D" (L, t5) g3 (5 — t')
SUFE ) = —uagd(t — 1) + Vassy pys O(t — 1)
—(z’h)Q%Fa,\/,M/V/(t, taitty) g (t —ty)
X Gt — t") g (t, —t') Vpv,BX

=> One usually chooses an approximation for I" and then
builds an approximation of X ; ////
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Conservation laws

There exist two-different forms of the Dyson equation:

0 *
Gap(t —1') = gég (t—1) + gfﬁy) (t—1,) Efé (ty,t5) gsp(ty —t') ﬂ -----

Gas(t —t) = gDt —t) + gay(t — 1) B (2, 15) g5 (t, — 1)

=> One usually chooses an approximation for I" and then
builds an approximation of X ; ////
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Conservation laws

Theorem (Baym, Kadanoff 1961):

Assume that the propagator g ,(1-1') solves:,4 both
forms of the Dyson equation (that means .5 =%a5 )
and I 5 .5 =1 4, 5. Then<N>, <P> <L>and <E> calculated

with g ,(t-1) are all conserved:

UN@)
dt dt dt dt

[6. Baym and L. P. Kadanoff, Phys. Rev. 124, 287 (1961);
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Dyson equation

Different forms for the self-energy

j """ < if ['*P!is approximated in
such a way that these two are
@ T ﬁ ----- O o+ equivalent, then conservation
e laws are fulfilled.
< The exact " depends of 4
"fimes variables

[ 4pt

Foa
a4 ﬁ _____ O + | ra < R?rlh s specialized to
ﬁ V two-times only!
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Irreducible 2p1h/2h1p propagator

Graphic representation of the 2plh/2hlp irreducible
propagator R(w):
Which a particle-

poovo A
o ! Y
hole anihilate each

Propagation of 3 other - The Dyson

excitations equation will.
account for it/

\

L ¢ Subtract the
contribution in
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